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Abstract—1In this paper, an LMI based analysis approach to
check the stability of closed-loop discrete-time linear systems
with both time-varying state and measurement delays is pre-
sented. The internal as well as the measurement delays are
assumed to be time-varying but bounded. The stability analysis
procedure allows to determine the delay intervals ensuring the
stability of the controlled plant. The procedure is applicable to
any plant with two different state delays, as well as to diverse
control applications, as illustrated in the reported example. The
procedure can be conceptually extended to the general case of
systems with multiple time-varying delays.

I. INTRODUCTION

The study of time delay systems has been for many years a
matter of research. “Time-delay system” is a generic name for
a great variety of situations. The simplest problem of constant
single input/output delay for SISO plants, since the seminal
work of [1], has received much attention and many solutions
have been proposed to deal with different kind of plants,
unstable and/or non-minimum phase, with long delays (see,
for instance, [2] and the references here in). The extension
to the case of multiple delays and MIMO plants has been
also treated by many researchers, but still there are some
open problems in dealing with the interactions and decoupling
issues [3], [4], [5].

To consider time-varying delays has been a recent re-
quirement, mainly imposed by the study of network-based
control systems, where the transmission delay is random and
unknown, [6], but bounded. The problem of internal or state
delay has also received a lot of attention, mainly from a
theoretical point of view, although any closed-loop controlled
plant with input/output delay becomes a plant with internal
delay. These delays can be also constant or time-variant, single
or multiple. A number of works has been also published
with this setting. In the review paper [7], a number of open
issues dealing with different delay scenarios are outlined, and
the simultaneous presence of delays in the state and/or the
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input/output is listed. The case of time-variant multiple delays
has received a lot of attention, like [8], [9] or [10]. In the
work of [11], a deep analysis of the stability and robustness
of different processes with internal delays is reported. Most of
the works in the literature refer to the stability and robustness
analysis, trying to determine the maximum interval of the
time delay admissible to keep the system stable [12], [13].
Recently, in the work of [14], a less conservative stability
criterion for discrete-time (DT) systems with interval time-
varying state delay has been presented, their results being
less conservative than those previously reported. The use of
a predictor to counteract the effect of time delays, initially
introduced in [15], [16] for constant and known delays, was
extended to the case of time-variant delays in [17], [18],
[19], [20], [21], with promising results. However, this kind
of predictor approach is only tractable for input or output
delays.

Time delays have been studied for both, continuous and
discrete time systems. Although the DT setting allows for an
“easy” treatment of the problem by augmenting the state of
the plant, for long delays this is not a good solution and the
delay should be properly treated [22]. Moreover, if it is time-
varying, this approach would lead to a variant state-dimension
system. On the other hand, any practical controller will be
implemented in a digital computer, thus, a DT version of the
solution is needed.

In the rest of the paper, the scenario of discrete-time linear
systems with internal time-variant delay systems controlled
under a networked setting, that is with both input and out-
put time-varying delays, is considered. This was an “open
problem” presented in J. Richard’s review paper [7]. An LMI
based stability theorem for discrete-time systems with both
state and output time delays is presented. The proof of the
theorem is relied on the construction of a type of Lyapunov-
Krasovskii functional which by explicitly comparing the
bounds of different delays makes the result less conservative.
The application of the theorem to an example with different
time-varying delay patterns shows the effectiveness of this
approach, allowing the comparison with previous published
results.
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II. PROBLEM STATEMENT

Consider the following closed-loop DT linear system with
both state and measurement time-varying delays*

Xer1 = Axg+Agxp—g, + Buy, (1
X = 0, min{—dM, —TM} <k< O,
up = Kxp g (2

where x; € R" and u; € R™ are respectively the system state
and control input, and K in (2) is the state feedback law, the
state is assumed to be measurable but subject to an unknown
time-varying delay. A, A; and B are the plant parameter
matrices with appropriate dimensions, and assumed to be
constant and known. The system matrices A, A; do not need
to be Hurwitz, and d; and 7; are the time-varying delays
satisfying:

Tn < T < Ty, 4)
where d,, dy, T, and Ty, are known positive integers.
The closed-loop system (1)-(2) can be written as
X1 = Axg +AgXp—a, + BKX 5, - &)

As it can be easily shown, the closed-loop system presents
two state delays, the first one dj due to the internal delay and
the second one 7; due to the delayed state feedback.

Assume that a stabilizing state feedback controller K has
been designed under some fixed and known time delays
in both, the state and the measurement. The problem is to
determine the range of admissible delays, as expressed by
(3), (4), ensuring the controlled plant stability under time
varying delays. Moreover, if d,, and 7, are known, we want
to determine the maximum delays dy and Ty, to ensure the
controlled plant stability under time varying delays within
these intervals.

For that purpose, following a well-know approach already
used in the literature, a global Lyapunov-Krasovskii function
composed by positive definite quadratic functions weighting
any pair of delayed signals will be established and the
conditions for the stability will be derived by using linear
matrix inequalities (LMI).

III. MAIN RESULT

Next, we will present a sufficient condition for the stability
of the closed-loop system (5).

Theorem 1: The system (5) is asymptotically stable if there
exist positive definite matrices P, Zi, Zp, Z3, Za4, Zs, Zgu,
Zry and positive semi-definite matrices Qg, Qum, Quam,> O,

*We will restrict in this paper to the case where the whole state is accessible
and measurable.

Owm, Qv and matrices Sq1, Sa2, Ta1, Taz, Seis Se2. Trt, T2
satisfying the following matrix inequalities,

R . . I

whose elements are

Ty

[ 5))
I3
o4
Ipg
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(6)

)

H Sde 61:S7;
5452 —8474m 0 <0,
L STS]‘L-' 0 76‘L'Z‘L'M
[ 8Ty 6. Ty
5deT —8474m 0 <0.
i 0. T; 0 —6:Zwm
T
0 8, S, 00 0 0 00 0]
07, 0T, 00000 O0]
0000S, s 000 0]
000O0T, 0T, 00 0]
0 I3 0 0 Ie 0 IIg
Iy Tz Ty O 0 0 Il
* 133 0 0 Zy Zn 0
* * H44 0 23 Zl 0
* * *x  Ilss Tlsg Tls7  Tlsg
* * * * Ilgg O 0
* * * * *  Ilyy 0
* * * * * * —P
* * * * * * *
~P+(8;+1)Q4 + Qum~+ Qam
+(5T+1)QT+QTm+QTM_Zs
ZSa deTma
07 dm>Tm;
ZS7 dm>Tm;
0, dn<1Tp,
A'P
A-D"z
—Qu+ Ty + TdTl —Sq — S'[r“
Sa1 =S
—le-i-Tde
P
Wz
257 d ST )
_Qdm_{ 0. d:>1':, —Zs =D+ S+ Sp,

—Qam —Z3—Z1 —Tpn — Ty
_Q‘r + T‘rl + T‘L-Tl - S‘L’l - Sﬂrpl
St1—Sp

—TIr +TTTZ

K'B'P

K'B'7Z



Mg = _Qrm_{ 5’57 ZZ;;Z: _Z4_Z3+S‘L'2+SI'2
1177 ~Owm—~2—21 —Ta—Tp,
Z = piZs+ (tw—dn)*Zs+ (tw—du)*Z3
+(t — dn)*Zo + Tyt — du)*Z1 + SuZam + 8:Zem

with

p1 = min(Ty,,dy,),

O0¢ = dy—dnm,

O = Ty—Tn

Proof. Due to space limitations, a sketch of the proof is pre-
sented. Choose a Lyapunov-Krasovskii functional candidate
as

V (k) = Vi(k) + V2 (k) + V3 (k) + Va(k) + Vs (k) (®)

with
Vl(k) = x%ka
k—1 k—1
k) = Y X,Tdei-i- Y, X Qi
i=k— dk j=k—T;
Vi(k) = xQd,,,xtﬂL z xQmel+ 2 xQdel
i=k—d,, =k—1y, k—dy
k—1
+ Z x,TQTMx,'
i=k—1y
—dp, — T
i) = ¥ Z xQaxi+ Y 2 X Qrxi
Jj=—du+1i=k+j J=—tu+1i=k+j
—1 —1
Vsk) = p1 Y Y, npZsnm
i=—py m=k+i
—p1—1 k-1
+|Tm7dm| Z Z n;pr124nm
i=—py m=k—+i
—p3—1 k=1
+|Tm_dM‘ Z Z 71,Tn2371m
i=—py m=k+i
—ps—1 k-1
o —dnl XY NpZonm
i=—pe m=k+i
p7—1 k-1
g —dul Y, Y, MmZinm
i=—pgm=k+i
—dp—1 k=1
+ 2 Z n;ZdMnm
i=—dym=k+i
—Tu—1 k—1
+ Z z annZ‘rMnm
i=—Ty m=k+i
with
Me = Xkl — Xk,
p1 = min(Tm;dm)» pZZmax(Tm7dm);
p3 = min(T,,dy), ps= max(‘cm,dM)
ps = min(ty,dn), pe=max(Ty,dn),
p7 = min(TM,dM), max(TM,dM)

Compute its increment, AV (k)

AV] (k) = xi+1ka+1 —xika
= [Ax; +AgxXk—q, + Bka,Tk}TP
+Bka—‘L'k]

[Axk +AgXi—a,
— x3Pxy,
k—d;
G0k —X_gq QaXi—a,+ D,
i=k—djy1+1
k—1
+XZQTxk _xi—’[k Q‘rxkfrk + Z
i:kffk+1+]
k—dy,
G 0axk — X g, QaXi—d + D
i=k—dp+1
k—1p
+x, Qe *xz_fk QrXj—g, + Z
i=k—1p+1

xz(Qdm + QTm + QdM + Q‘L’M ))Ck

T
~X—dy, QdXk—dy,

AV, (k) = x; Qax;

xlTQTxi

IN

x; Qux;

szeri
AVs(k) =
7x;—fm Qmek_Tm
_xi—dM Oy Xk—dy — xi_w Oy Xk—1y
(dM - dm)xZdek + (TM - Tm)xchQTxk +
k—dy, k=T
> xOaxi+ Y
i=k—dy+1 i=k—1p+1
ﬂ;(p1225 + (T — dm)224 + (Tt — dM)223
+ (T —dn)* Zo+ (s —dur)* 21+ 8 Zama+ 8: Zea) i
k1 k—pi—1
S niZsni— |t —dul >, n'Zsmi
i=k—pi i=k—p
k—p3—1 k—ps—1
~tn—du| Y, N Zsni—|m—dnl Y, niZam;
i=k—py4 i=k—pe
k—p7—1 k—dm—1
—l—du| Y, nfZini— Y, N Zaumi
':k—pg i=k—dk
k—dy—1 k=1 k-1
— Y N ZauMi— Y, M ZeuMi— Y, N ZemMi

i=k—dy i=k—Tk i=k—1y

AVy (k) =
X}eri

AVs(k) =

and establish the requirements to get AV (k) < 0. Denoting by
04 = dy —dy, and 8; = Ty — Ty, and defining a stacked state
vector

W = [ Xk Xk—dy  Xk—dy  Xk—dy  Xk—1,  Xk—Ty  Xk—1y ],

for some matrices

S¢=[0 S, S, 00 0 0]
T=[0T}, 07T, 000]
S:=[0000S%, 8§, 0]
T.=[00007T, 07TL]
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with appropriate dimensions, we have

AV (k) < p' (k)Quu (k) + (di — dm)
+(dm — di)

(% — T ) L (k) S Zpy Shpt (k)

+(tn — T (k) T Zoyy T (k) <0

where
Q9 Q3 0 Q5 Q6 0
o Qn Sy =S -1y 1) 0 0 0
* * Q33 0 74 7,
Q=| « * e Quy 0 7 z
* * * * 955 St1 7)1_2 —Tr +T1_2
* * * * * Qg6 0
* * * * * * Q7
and
Qi = A'PA—P+ (04 +1)Qa + Qam + Qam + (0 +1) 01
+Qum+Qwm+(A—1)'Z(A~1) ~ Zs
Qp = ATPA;+(A-1)"ZA,
_ Z57 dm < Tms
o = { 0,  dn> T,
Q5 = A"PBK+(A—-1)"ZBK
_ Z57 dm > Tm7
6 = { 0,  dn< T,
Qyp = AI;PAd —Qu —|—A:;ZAd + Ty + TaTl —Sa1— S:“
Z5, d < s
Q33 = _Qdm_{ 0, dZ>T:, —Zs =D+ S+ S
Qu = Qim—23—Z1 —Tp—Tp,
Qss = K'B'PBK —Q;+K'B"ZBK + T;1 + T} — Sz1 — Sty
Zs, dpy > Ty,
Q= Owm—2-21—Tp—-Tp
Z = piZs+ (Ty—dn)*Zs+ (T — du)*Zs + (T — di)* 22

(v — du)*Zy + 84 Zam + 8:Zow.

After some proper manipulations and Schur complements,
the inequalities (6) and (7) are obtained. O

IV. ILLUSTRATIVE EXAMPLE

In this section an example taken from the literature, under
different time-delay patterns, is evaluated and the results are
compared with those reported in the previous proposals.

Let us considered the controlled plant (5), being open-loop
unstable. The following parameters are assumed:

08 0 01 0
A [ 0.15 1.08 } Aa = [ 02 —0.1 ]
B = [ 0 0.01 ] s U :ka—fk

and d; and 7; are delays satisfying (3), (4).

For a given state feedback control law, K, the stability of
the closed-loop system can be determined by exploring the
LMI condition in Theorem 1.

In what follows, different scenarios will be considered:

a) Assume that 7, =0, and K = [ —10 —18 }
Then, the closed-loop system will be:

X4l = (AJrBK)karAdxk_dk )]

where the matrices (A+ BK) and Ay

08 0 —0.1 0
(A+BK) = [ 0.05 0.9 }’Ad: { 02 —0.1 }

are the same as defined in [22], [14] (example 1 in both
papers). It can be realized that this system is decoupled in
two subsystems (A and A, are triangular and the upper part
of B is null) and it should be more interesting to consider an
interactive system. Nevertheless, the same parameters are used
in order to compare both approaches. Additional experiments,
not included here for brevity, show similar results if coupled
plants are considered.

By Theorem 3 in [22], the system (9), is asymptotically
stable for d,, =2 and it is shown that the stability is ensured
in the interval 2 < d; < 13. It is also stable if the delay is in
the interval 12 < d; < 17. For Theorem 1 in this paper, for
the intervals 2 < dj; <16, and 12 < d; < 20, the stability is
proved.

To illustrate the effectiveness of the approach let us review
some simulation results for the first time delay interval.
Assume that the initial conditions in the system in the example
are x; = {1,—2} for k <0. In addition, let assume that the
delay d; changes randomly between d,, = 2 and dj; = 16,
which is shown in figure 1.

16—_""

Fig. 1. Time-variant internal delay, 2 < d; < 16.

Then, the state response of the system is given in figure 2. It
can be seen from this figure that the system is asymptotically
stable. On the other hand, if the time delay d; will reach larger
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values (dy > 17) the system stability cannot be guaranteed
and, in fact, for some time-variant delay pattern the system
becomes unstable. Thus, our results are less conservative.

- - X,

15k 1

0 20 40 60 80 100

Fig. 2. State evolution from initial conditions.

Note that the stability condition in this paper is quite similar
to that previously stated in the literature, but the main novelty
in the proposed theorem is that it can be used to evaluate
(explore) other scenarios by using the same stability condition
(that is, the same theorem is suitable to check different
scenarios), being applicable to simultaneously time varying
delays in both, the state and the measurement.

For larger delays, and compared with the proposal in
Theorem 1 in [14], for 30 < d; < 35, our results are similar.

Again we can illustrate the effectiveness of the approach.
Assume that the initial condition in the system in the example
are x; = {1,—2} for k <0. In addition, let assume that the
delay d; changes randomly between d,, = 30 and dy; = 35,
which is shown in Fig. 3 Then, the state response of the
system is given in Fig. 4. It can be seen from this figure
that the system is asymptotically stable, but one of the states
is highly oscillatory. If the time delay d; will reach larger
values (dy = 36) the system stability will not be guaranteed.

b) Let us assume that d; = 7. Then, the closed-loop
systems is:

X1 = Ax+ (Ag+BK)xi g, 10

with a single time delay. Again, the stability can be obtained
by exploring the LMI condition in Theorem 1. For example,
for the same closed-loop system (5) and the same controlled
plant parameters A, Ay, B and K, with d,,, = 1, an upper bound
of dy =4 is obtained. The simulation results, for 1 <d;, <4
are plotted in Figure 5 with

{1,-2}), —4<k<0 (11)

X =

35
345 ]
341 f
335} 1
33+ 1
o< 325H 1
32 f
315 1
31 1
30.5 1
300 50 1 60 150 260 250
k
Fig. 3. Time-variant internal delay, 30 < dj <35.

- = X

x(K)

-2

0 200 400 600 800 1000

Fig. 4. State evolution from initial conditions.

Note that even the A-matrix is not Hurwitz, the closed-loop
system (1), in (10), is stable, as a result of the Theorem 1.

c) In the general case, when dj # T, the closed-loop
system being:

Xer1 = Axg+AgXp—a, +BKxp—q, (12)

it is also possible to obtained an upper bound for the delay
range. For example, for 1 < dj < 6, the stability condition on
Theorem 1 is fulfilled for 2 < 7, < 3.

The simulation results assuming these ranges of time delay
variations, for

{1’72},

are shown in Figure 6.

Xy = —6<k<0 (13)
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- X,

25 30 35 40

Fig. 5. State response with a common double delay.

40 50

Fig. 6.
response.

State and measurement time varying delay, closed-loop state

V. CONCLUSIONS

In this paper, an LMI-based general procedure to determine
the stability of a plant with two time-varying delays in the
state space model has been presented. The procedure has
been compared with existing results in the literature and the
intervals of the delays to keep the system stable has been
shown to be less conservative. This LMI can be generalized to
investigate about the stability of systems with multiple time-
varying delays. This approach can be also used to analyze
the closed-loop stability of delayed state feedback control of
a system with internal state delay.

Some simulation results on different scenarios illustrate the
applicability of this procedure.
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